Abstract: Pressurized tree-type water distribution network (WDN) is widely used in rural water supply projects. Optimization of this network has direct practical significance to reduce the capital cost. This paper developed a discrete nonlinear model to obtain the minimum equivalent annual cost (EAC) of pressurized tree-type WDN. The pump head and pipe diameter were taken into account as the double decision variables, while the pipe head loss and flow velocity were the constraint conditions. The model was solved by using the improved decomposition-dynamic programming aggregation (DDPA) algorithm and applied to a real case. The optimization results showed that the annual investment, depreciation and maintenance cost (W 1 ) were reduced by 22.5%; however, the pumps' operational cost (p) increased by 17.9% compared to the actual layout. Overall, the optimal EAC was reduced by 15.2% with the optimized pump head and optimal diameter distribution of the network. This method demonstrated an intrinsic trade-off between investment and operational cost, and provided an efficient decision support tool for least-cost design of pressurized tree-type WDN.
Introduction
A water distribution network (WDN) is an essential infrastructure asset to satisfy the demand of consumers in water supply projects [1] . The construction and operation of these networks usually incur huge investment [2, 3] . A relatively small decrease in the construction and operation cost leads to a large total saving [4] . Thus, optimization of WDN can make the capital cost more economical and effective, and it is also one of the most pressing issues faced by public service providers [5, 6] .
The reliability requirement is usually addressed by considering a base structure for the networks, including tree-type and looped layout [2, 7] . Due to the relatively lower cost, the tree-type WDN is the most well-tried and the most used in rural water supply projects [8, 9] . Optimization of tree-type WDN is a multidisciplinary task involving different requirements of hydraulics, quality, reliability and availability [5, 10, 11] . In previous work on the optimization of tree-type WDNs, the decision variables, such as pipe diameter, pipe path and bifurcation angles, are generally discrete. Besides, the objective function and constraints are commonly nonlinear [12] [13] [14] . Thus, the main optimization methods are discrete nonlinear programming methods (NPM). Azoumah et al. [15] performed a performed a nonlinear constructal approach for obtaining the minimum total head losses and made a comparison with the method of taking the pipe diameters and bifurcation angles as design variables. Dobersek and Goricanec [16] determined the optimal tree path and optimized pipe diameters by applying the nonlinear optimization method. Sela Perelman and Amin [17] employed a geometric programming approach to solve the nonlinear tree network flow modeling and network control problems. Current methods give an optimum solution for a simple network system with relatively few optimization variables. For complex large-scale system problems with a number of optimization variables, the curses of dimensionality and slow convergence are inevitable [18, 19] . Meanwhile, the computational effort increases exponentially with the complexity of the considered system [20] .
Additionally, when the water sources have a low elevation or the water supply pressure is insufficient, a pressurized pumping station near the water source is needed to meet the water demands and satisfy the pressure requirements of the tree-type WDN [21] [22] [23] . In this case, it is necessary to simultaneously optimize both the pump head and pipe design of the pressurized WDN [24] . This makes the optimization problems more challenging and complex. Few studies have focused on this large-scale network system to date.
In this paper, a nonlinear mathematical model, considering both pump head and pipe diameters as decision variables, was established to address the optimization of pressurized tree-type WDNs. The objective was the minimization of the equivalent annual cost (EAC). An improved decomposition-dynamic programming aggregation (DDPA) algorithm was applied to solve this discrete nonlinear problem of the large-scale network system. The algorithm provided effective theoretic support and application reference in decision-making of pressurized tree-type WDNs.
Mathematical Model
Commonly, a pressurized tree-type WDN consists of main, subordinate and branch pipes with multi-diameter pipes, and the pumping station is located at the water source [25, 26] . The authors assume a pre-determined geographical structure of the pressurized tree-type WDN. The pipe material, flow and length are known. The generalization diagram is shown in Figure 1 along with a numbered scheme for pipes and nodes. The pressurized tree-type WDN can be divided into N subsystems (i = 1, 2, …, N, i is the subsystem number). Each subsystem is divided into Zi pipe segments (p = 1, 2, …, Zi, p is the pipe segment number in the i-th subsystem). Due to the differences of pipe materials and diameters, each pipe segment is further divided into Mip branch sections (j = 1, 2, …, Mip, j is the branch pipe number of the p-th pipe segment in the i-th subsystem). 
Objective Function

The total investment cost of a WDN is the most common optimization objective, for which it is essential to determine the minimum spanning tree of the pipeline cost, based on the generalization diagram [5, 27] . However, in addition to the investment cost, the operational cost of the pressurized pumping station is not negligible in pressurized tree-type WDNs. Thus, the equivalent annual cost (EAC) can better achieve the optimization objective of this network. EAC is the sum of annual investment, depreciation, maintenance cost and pump operational cost [16, 28] . The minimum EAC (W) can be estimated by considering pump head and pipe diameter as double decision variables as follows:
where A is the reimbursement coefficient of the investment (RMB); B is the factor of annual depreciation and maintenance (%); FI is the investment cost (RMB). With the given base structure of the network, FI can be given as:
where a, b and χ are the cost coefficients of the ipj-th pipe, which depends on pipe materials and local economic factors; l ipj is the length of the ipj-th pipe (m); D ipj is the decision variable representing the diameter of the ipj-th pipe (m). Y is the annual operational cost of pumps (RMB) and can be defined as:
where P is the power cost coefficient (RMB/(m 3 /s·m·a)); Q p is the pumping station flow (m 3 /s); h p is the decision variable representing the pump head (m). By substituting Equations (2) and (3) into Equation (1), the objective function can be written as:
Constraint Conditions
The pipe head loss and flow velocity should be considered as constraint conditions [1, 29] . In the optimization process, the nonlinear objective function is subjected to the following constraints:
The total head loss of the main pipe (H main ), the total head loss of the i-th subsystem (H sub,i ) and the head loss of each main or subordinate pipe in the subsystem (H sub,ip ) should be equal to or lower than the maximum allowable head loss of their corresponding pipeline.
where H main (m), H sub,i (m) and H sub,ip (m) are calculated by using the Hazen-Williams formula: H = klQ 1.852 /D 4.87 (k is the roughness depending on the pipe material; Q is the pipe flow (m 3 /s)); H t (m) is the maximum allowable head loss of the main pipe, which can be calculated by: difference between the water head at the beginning and the minimum service water head at the end of corresponding pipeline, which are dynamic changes with the different head distribution of main pipe. The velocity of the ipj-th pipe (v ipj ) should be within the allowable maximum velocity (v max ) and minimum velocity (v min ) range depending on pipe materials as follows:
Nonnegative constraints were given by:
Model Solution
The model above is a complex nonlinear optimization problem with pump head and a large number of diameter variables needing to optimize synchronously. The improved decomposition-dynamic programming aggregation (DDPA) algorithm is employed to solve the sequential decision problems in large-scale network systems. The basic strategy of the DDPA algorithm in previous studies is [30, 31] : (1) Decomposing the complex large system into subsystems and determining coordination variables; (2) using one-dimensional dynamic programming to optimize each subsystem separately; (3) establishing an aggregation model based on the relationship between the associated variables and the optimal value of each subsystem; (4) obtaining the global optimal solution of the associated variable and the corresponding optimal value. In this way, the DDPA algorithm can convert large system problems into multi-stage processes to cope with the curse of dimensionality and achieve improved feasible solutions. Compared with traditional decomposition/aggregation (DA) algorithms, the calculation precision can be significantly improved with the computational effort reduced. This is due to the fact that the DDPA algorithm leads to the formulation of dynamic programming programs in the aggregation processes instead of regression equations [32, 33] .
The optimization model in this work was constructed to find the best pump head and optimal diameters that minimized the EAC of pressurized tree-type WDAs. Thus, the DDPA algorithm process should to be improved to meet the optimization model. The improved algorithm process is summarized in Figure 2 , and the main steps are detailed as follows:
Step 1: Converting double decision variables problem into single decision variable problem and decomposing the network system.
(1) Given a value of pump head.
After determining a pump head of pumping station (h p ), Y is constant here based on Equation (3). The optimization function of double decision variables (W) can be converted to solve the problem of minimum annual investment, depreciation and maintenance cost (W 1 ) with a single decision variable. This is different from the previous DDPA algorithm [30, 31] .
(2) First level decomposition.
According to the structure of WDNs (Figure 1 ), W 1 can be decomposed into N subsystem models. The head loss of main pipe (h i1 ) is set as the coordination variable. The objective function of the i-th subsystem (i = 1,2, . . . , N) is expressed as:
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where W 2 is the minimum annual investment, depreciation and maintenance cost of the i-th subsystem; D pj is the decision variable representing the pj-th pipe diameter in the i-th subsystem.
To address the i-th subsystem, the constraints are similar to those in Equations (6)- (9) . Besides, the head loss of the i-th main pipe (H main,i ) should be less than or equal to h i1 and the maximum allowable head loss of the i-th pipe (H i1 ).
The corresponding constraint is expressed as:
In this case, stage variable is the number of main pipe (s = i = 1, 2, …, N); λs is the total head loss of main pipe in the s-th stage; W1 is determined in the given hp by using one-dimensional dynamic programming aggregation again. Then, the optimal W in this given hp can be calculated by substituting W1 and hp into Equation (4).
Step 4: Obtaining the global optimal solution. The value of hp is discretized at a certain step size in the feasible region. By repeating Steps 1 to 3, a series of W can be obtained under corresponding values of hp. Among these optimization schemes, the minimum W is the optimal solution. Then, the corresponding optimized hp and the optimal distribution value of Dipj can be determined according to the model optimization results. Due to the difference in the combination of main and subordinate pipe sections, the objective model above (Equations (11) and (12)) is still an unsolvable problem. Thus, it is necessary to conduct the second level decomposition. W 2 is further decomposed into Z i single-unit models. The head loss of the main and subordinate pipe in the i-th subsystem (h ip ) is set as the coordination variable. The objective function is expressed as Equation (13):
where W 3 is the minimum annual investment, depreciation and maintenance cost of the p-th pipe segment in the i-th subsystem; D j is the decision variable representing the j-th pipe diameter in the p-th single-unit models (p = 1, 2, . . . , Z i ).
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The velocity and nonnegative constraints are similar to those in Equations (8) and (9) . Besides, the head loss of each main or subordinate pipe segment (H sub,ip ) should be less than or equal to h ip and the maximum allowable head loss (H t,ip ).
Step 2: Optimization of the second level decomposition model based on the one-dimensional dynamic programming method.
The single-unit subsystem (Equations (13) and (14)) is a classical problem that can be solved by the one-dimensional dynamic programming method. Stage variable is the number of each branch section (s = Howard (1966) [34] . In this way, a W 3 and the corresponding h ip can be calculated in a single working condition of the single-unit subsystem. In order to obtain all working conditions of each single-unit subsystem, we dispersed the H t,ip from 0 to the maximum with a certain step size. A series of W 3 and h ip can be determined in different values of discrete H t,ip by reusing the one-dimensional dynamic programming method.
Step 3: Establishing and optimizing large system aggregation models.
(1) Second level aggregation.
According to the relationship between h ip and W 3 (h ip ) in single-unit subsystems from Step 2, each subsystem model (Equations (11) and (12)) can be aggregated by corresponding single-unit subsystems, considering h ip as the decision variable. Thus, the W 2 and head loss constraint can be written as follows:
The second level aggregation models above can also be solved by one-dimensional dynamic programming aggregation. Stage variable is the number of each main and subordinate pipe in the i-th subsystem (s = p = 1, 2, . . . , Z i ). λ s is the total pipe head loss in the s-th stage. A W 2 of the subsystem and the corresponding h i can be calculated. Similarly, in order to obtain all working conditions of each subsystem, H t,i is discretized with a certain step size. A series of relationships between h i1 and W 2 (h i1 ) can be obtained based on the one-dimensional dynamic programming method.
(2) First level aggregation.
Then, the optimization function W 1 can be converted by considering h i1 as the decision variable.
In this case, stage variable is the number of main pipe (s = i = 1, 2, . . . , N); λ s is the total head loss of main pipe in the s-th stage; W 1 is determined in the given h p by using one-dimensional dynamic programming aggregation again. Then, the optimal W in this given h p can be calculated by substituting W 1 and h p into Equation (4).
Step 4: Obtaining the global optimal solution. The value of h p is discretized at a certain step size in the feasible region. By repeating Steps 1 to 3, a series of W can be obtained under corresponding values of h p . Among these optimization schemes, the minimum W is the optimal solution. Then, the corresponding optimized h p and the optimal distribution value of D ipj can be determined according to the model optimization results.
Application and Optimization Results
General Situation for a Pressurized Tree-Type WDN
A pressurized tree-type WDN was selected as a case study in rural area of Xinjiang Uygur Autonomous Region, China. The pipe flow, materials, lengths, nodal demands and elevation are detailed in (Figure 3 ). This WDN consisted of one source node, 41 demand nodes and 45 pipes. It was a pressurized tree-type WDN from a single fixed head source and was designed to satisfy the consumer demands at the required pressures. Due to the different terrain and external loads along the pipeline, the main pipe was composed of unplasticized poly (vinyl chloride) pipes (PVC-U) (4380 m), ductile iron pipes (DIP) (950 m) and polyethylene pipes (PE) (150 m). The subordinate pipe was composed of PE (998 m 
Application and Optimization Results
General Situation for a Pressurized Tree-Type WDN
Solution Procedures
The 45 pipe diameters and pump head (hp) need to be optimized in this network with a total of 52 constraints of head loss. Firstly, the value range of diameters in each pipe can be determined by Q = π·v·D 2 /4, according to the velocity constraint of each pipe (v, Equation (8)) and the corresponding pipe flow (Q, shown in Figure 3) . Then, available commercial diameters of each pipe can be selected, and the corresponding unit costs are listed in Table 1 . Based on the relationship between diameters and unit costs, the cost coefficients of a, b and χ can be calculated by using the least square method (R 2 > 0.98). The initial value of hp was set as 96.00 m, and increased with a certain step length (△hp = 0.05 m). For each network with certain hp, the corresponding minimum EAC (W, Equation (1)) could be solved 
The 45 pipe diameters and pump head (h p ) need to be optimized in this network with a total of 52 constraints of head loss. Firstly, the value range of diameters in each pipe can be determined by Q = π·v·D 2 /4, according to the velocity constraint of each pipe (v, Equation (8)) and the corresponding pipe flow (Q, shown in Figure 3) . Then, available commercial diameters of each pipe can be selected, and the corresponding unit costs are listed in Table 1 . Based on the relationship between diameters and unit costs, the cost coefficients of a, b and χ can be calculated by using the least square method The initial value of h p was set as 96.00 m, and increased with a certain step length ( h p = 0.05 m). For each network with certain h p , the corresponding minimum EAC (W, Equation (1)) could be solved by using the improved DDPA algorithm above. Thus, the relationship curve between h p and W could be confirmed (shown in (Figure 4) ). The optimal W was 64,085 RMB and the best h p was 97.15 m. In this optimal layout (h p = 97.15 m), the optimal diameter of each branch section could be found by checking the model. The details of the optimal diameters are shown in Table 2 . The actual layout was designed under the guidance of the Code for Urban Water Supply Engineering Planning (GB 50282-2016) with the economical flow velocity being 0.6-0.9 m/s.
Optimization Results Analysis
As shown in Figure 4 , the annual investment, depreciation and maintenance cost (W 1 ) decreased sharply from 101,708 to 49,122 RMB (h p = 96.45-96.90 m). This was due to the optimization of the main pipe diameters, which accounted for up to 85% of total W 1 . When the h p value changed from 96.90 to 97.10 m, W 1 decreased slowly and approached an equilibrium. W 1 remained a constant of 48,134 RMB (h p ≥ 97.15 m), as the pipe diameters approached their minimum diameters. Besides, the pump operational cost (Y = PQ p h p ) increased slowly with the increase of h p . As EAC is the sum of W 1 and Y, the minimum EAC (W) was 64,085 RMB and the optimal h p was 97.15 m.
In contrast, the actual layout of this network is presented in Table 2 and was designed under the guidance of the Code for Urban Water Supply Engineering Planning (GB 50282-2016). The W 1 was 62,026 RMB and exceeded by 22.5% the optimal layout, due to the actual diameters, which were significantly larger than optimal diameters ( Table 2 ). The Y of the actual layout was 13,526 RMB, which was 17.9% less than the optimal layout. The lower h p (83.4 m) and larger pipe diameter reduced the head loss. It is worth noting that the head loss of the most disadvantaged pipeline route (Nodes 0-41) was 33.8 m (actual layout) and 58.6 m (optimal layout). Overall, the EAC was an intrinsic trade-off between W 1 and Y. The EAC was 75,552 RMB in actual layout, which was 15.2% more than optimal layout. The results showed that the improved DDPA algorithm could find the minimum value under the joint action of investment and pump operational cost in a pressurized tree-type WDN.
Conclusions
In this paper, a large-scale WDN of pressurized tree-type was preset to establish a discrete nonlinear model for minimizing the EAC. The pump head and pipe diameters were decision variables. The head loss and flow velocity were the constraint conditions. An improved DDPA algorithm was proposed to solve the formulated optimization model.
The algorithm was applied to a real-world, large-scale regional WDN in China. The optimal scheme of EAC was determined by reducing W 1 and increasing Y, and was reduced by 15.2% compared to the actual layout. The least-cost combination of pipe diameters and pump head could also be found. The results demonstrated the applicability of the proposed algorithm in decision-making for pressurized tree-type WDNs. We believe that, for better application of the large-scale WDN, additional reliability and resilience of the network should be considered in further studies.
